This is an analytical study on Stokes flow through a tube of which the wall is patterned
Introduction
This work aims to study pressure-driven Stokes flow in a circular tube with a patterned wall. The pattern is a periodic array of transverse grooves filled with an inviscid gas phase and is a kind of micro-engineered superhydrophobic surface intensively studied nowadays. The flow is subject to a mixed type of boundary conditions on the wall: no-slip on the solid phase and free-slip on the gas phase. The composite stick-slip nature of the wall leads to overall wall slippage, which can be characterized by an effective slip length when a relationship between flow-rate and pressure drop is deduced macroscopically.
Slip flow in a tube with annular no-shear slots alternating with no-slip slots was studied by Lauga and Stone ͓1͔. On extending their work, the present study is wider in scope in the following two aspects. First, Lauga and Stone ͓1͔ considered only a tube of uniform cross section or the Cassie state in which the fluid does not get into the cavities. Here, in addition to the Cassie state, we also consider that the fluid may get to a certain depth into the grooves or the Wenzel state. Therefore, in our problem, the noshear and no-slip regions may have different cross sections. Fluid impregnating the wall cavities will happen when the fluid pressure is greater than the capillary pressure. As the fluid is variably pressurized along different parts of the tube, it is possible that different wetting states exist in the tube. Second, Lauga and Stone ͓1͔ focused largely on the effective slip length as a function of the pattern geometry and its asymptotic values for various limiting cases. Here, in addition to the effective slip length, we also look into the pressure distributions in the two regions. Particular attention is paid to the limiting case when the ribs become fins of zero thickness, which gives rise to the maximum possible slip length for a given set of other parameters. We study how the flow pattern, pressure distribution, flow resistance, and pressure drop due to a single fin may depend on the fin depth ͑or interval͒ and the orifice ratio.
Our solution method is semi-analytic. We decompose the domain, which is one period of the pattern, into two separate regions for the groove and the rib. For simplicity, we ignore the viscosity of the gas phase so that in the groove, the fluid is bounded by a free-slip or no-shear surface. The meniscus curvature is also ignored so that the no-shear surface is idealized to be axially flat. On assuming the flow being noninertial, we solve the Stokes equation in terms of the primitive variables. In each domain, the solutions are expressible by the eigenfunction expansion series, where the coefficients can be determined numerically by matching of solutions on the domain boundaries. The continuity of velocities, stress, and pressure on the domain interface is to be satisfied by the method of weighted residuals, where the weight functions can either be the eigenfunctions or the Dirac delta functions. Previous studies using this method of domain decomposition and eigenfunction expansions include those of Wang ͓2,3͔ for Stokes flow through a tube with annular fins or constrictions and of Wang ͓4͔ and Ng and Wang ͓5͔ for Stokes flow over a plane surface with parallel grooves. The method is easy to implement and efficient to give solutions.
Formulation
Consider fully developed steady viscous flow driven by a mean axial pressure gradient K through a tube with a wall that is patterned with periodic transverse grooves with a pattern length 2L. Suppose the Reynolds number is very small and the flow inertia can be ignored. where ͑r , z͒ are the radial and axial coordinates, ͑u , w͒ are the radial and axial velocity components, and p is the pressure. From here onward, only normalized quantities are used. We decompose a period into two regions, each with its own coordinate system centered, as shown in Fig. 1 . The two origins are separated by a unity distance ͑i.e., half the pattern length͒.
Region I, which is 2a long, has a no-shear surface at radius r = R 1 . Region II is 2c =2͑1−a͒ long and is bounded by a no-slip solid surface at radius r = R, where R Յ R 1 . The no-shear surface in region I mimics an infinitely slip interface between the flowing fluid and an inviscid gas phase being trapped in the groove. The no-shear fraction of the tube wall is, therefore, equal to a, where 0 Յ a Յ 1. The depth of fluid penetration into the grooves is denoted by b = R 1 − R Ն 0.
In region I ͑0 Ͻ r Ͻ R 1 ,−a Ͻ z 1 Ͻ a͒, w 1 is even in z 1 and u 1 is odd in z 1 . The general solutions satisfying the conditions of zero radial velocity and free-slip at the no-shear interface r = R 1 are as follows:
where A 0 , A n , and B n are coefficients to be determined, J is the Bessel function of the first kind of order , and ␣ n R 1 are the nth positive zeros of J 1 . In region II ͑0 Ͻ r Ͻ R ,−c Ͻ z 2 Ͻ c͒, w 2 is even in z 2 and u 2 is odd in z 2 . The general solutions satisfying zero radial velocity at the wall r = R are given by
where P 0 , C 0 , C n , D n , and E n are unknown coefficients, I is the modified Bessel function of the first kind of order , ␤ n = n / c, and ␥ n R are the nth positive zeros of J 1 . Note that by normalization, the pressure difference between the centers of the two regions is unity. This explains why a center pressure of −1 is specified in region II, while that in region I is zero. Also note that the section-mean Poiseuille pressure is zero in region I as the flow is bounded by a no-shear surface in this region. In region II, the Poiseuille pressure gradient is given by P 0 , which is to be determined. To determine the unknown coefficients, let us from here on truncate each A n and B n to M terms, C n to N terms, and each D n and E n to P terms.
To Determine the Coefficients. Let us develop equations
by which the coefficients can be determined. In region II, the axial velocity is to satisfy the no-slip condition at the outer wall,
Integrating this equation with respect to z 2 from −c to c, we get
On multiplying Eq. ͑10͒ by cos͑␤ m z 2 ͒ followed by integrating from −c to c, we get
where
On the interface between the regions ͑z 1 = a , z 2 =−c͒, the following matching conditions need to be satisfied: The liquid-gas interface "r = R 1 in region I… is a no-shear surface, and the liquid-solid interface "R < r < R 1 , z 1 = ±a in region I and r = R in region II… is a no-slip surface.
Integrating Eq. ͑15͒ in the following manners, we get
The integral in I mn ͑4͒ is to be evaluated numerically. Multiplying
Eq. ͑16͒ by rJ 1 ͑␣ m r͒ and integrating give
We next multiply Eq. ͑17͒ by rJ 1 ͑␥ m r͒ and integrate with respect to r to get
The integral in I mn ͑9͒ is to be evaluated numerically. Finally, on integrating Eq. ͑18͒ in the following manner, we get
Equations ͑11͒, ͑12͒, ͑20͒, ͑24͒, ͑27͒, ͑30͒, and ͑31͒ form a system of 2 + 2M + N +2P linear equations for the same number of unknowns: P 0 , C 0 , A 1,. . .,M , B 1,. . .,M , C 1,. . .,N , D 1,. . .,P , and E 1,. . .,P . The coefficient A 0 , which is the section-mean velocity in region I, is then found from Eq. ͑19͒. Multiplying A 0 by the sectional area, we get the flow-rate through the tube, 
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When this is compared with the flow-rate through a tube with a constant wall slip length ␦ : Q = ͑R 4 / 8͒͑1+4␦ / R͒, we can deduce that the effective slip length for the present problem is given by
2.2 Limiting Case 1: R 1 = R . In the limiting case when the liquid does not penetrate the grooves, b =0 ͓1͔; the problem can be solved in a more straightforward manner. In this case, there is no need to decompose the domain into separate regions. Let us adopt coordinates ͑r , z 1 ͒ but drop the suffix for simplicity. The general solutions that satisfy zero radial velocity at r = R are now given by
where F n are unknown coefficients, n = n, and ␦ is the effective slip length. The solutions have yet to satisfy the mixed boundary conditions at the wall,
͑37͒
Substituting the solutions above, these conditions become
where we have truncated F n to M terms. The M + 1 unknowns F 1,. . .,M and ␦ can now be determined by solving the equations on prescribing the conditions ͑38͒ and ͑39͒ at equidistant M + 1 discrete points on the boundary r = R, 0Յ z Յ 1.
Limiting Case 2: a =1 .
In another limiting case when the no-slip length c tends to zero and the rib becomes a thin fin ͓2͔, the problem can also be solved in a more direct manner. In this case, region II disappears, and region I extends over the entire length 0 Ͻ z 1 Ͻ 1. The problem is solvable as long as R 1 Ͼ R, corresponding to flow through a thin-plate orifice. The boundary conditions to be satisfied at z 1 = 1 are
From Eqs. ͑4͒-͑6͒, these boundary conditions imply that A n = −B n ͓1+␣ n coth͑␣ n ͔͒ and
The M + 1 unknowns B 1,. . .,M and A 0 can now be determined by solving the equations on prescribing the conditions ͑43͒ and ͑44͒ at equidistant M + 1 discrete points on the boundary z 1 =1, 0Յ r Յ R 1 . Using the relationships Q = ͑R 4 / 8͒͑1+4␦ / R͒ = A 0 R 1 2 , the effective slip length is then given by
Results and Discussions
In this work, we employed the IMSL-DLSARG FORTRAN highprecision solver to solve the systems of equations derived above. We have used a sufficiently large number of terms for each coefficient, typically on the orders 100-200, in order to achieve convergence and good accuracy of the solutions. 
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Transactions of the ASME These limits are indicated by the dotted lines on the left ends and the symbols on the right ends of the curves shown in Fig. 2 . In an attempt to explain experimental observations, Lauga and Stone ͓1͔ showed that the slip length would increase with the system size. One can readily see from Fig. 2 that the effective slip length indeed increases monotonically with the tube radius. The slip length increases linearly ͑and sharply as well for a close to unity͒ with the tube radius when the radius is very small but will increase much slower for R Ն 1 on approaching the large-R limit. We note that the large-R limit given in Eq. ͑47͒ is also the slip length deducible from the problem of Stokes flow of Philip ͓6͔ over a flat plate with a periodic array of transverse no-shear slots. Therefore, we may infer from the curves shown in Fig. 2 that the annular curvature effect on the slip length becomes negligible when the radius is equal to or larger than 2a.
We also see from Fig. 2 that the slip length can be dramatically decreased by a modest depth, say, b = 0.1, of fluid penetration into the grooves, as was previously reported by Ng and Wang ͓5͔ for flow over a plane grooved surface. While the slip length in this case also increases at the same rate, as given in Eq. ͑46͒, for very small R, the slip length is lower by more than 50% than the b = 0 limit for R Ն 2. Also, for b = 0.1, the slip length does not increase monotonically with R but will reach a maximum at an optimum radius, which is close to unity R opt ϳ 1 for a Ͼ 0.5. The optimum radius will be smaller for larger b.
How the slip length is decreased by the fluid penetration into grooves is further illustrated in Fig. 3 , where results for the fin limit a = 1 are also presented. The general trend is that the decreasing effect of b on ␦ is more pronounced when a is closer to unity, b itself is closer to zero, and for larger R. For fixed a and small b ϳ 0.1, ␦ is larger for R = 1 than for R = 0.5 ͑as noted above, the optimum radius is close to unity for small b͒. The opposite is, however, true for larger b as a result of the fact that the maximum slip length occurs around R opt ϳ 0.5 as b ӷ 1. In the fin limit, the slip length is infinite ͑i.e., zero resistance͒ when b = 0 but drops significantly to a value of less than 0.5 when b is only as small as 0.1. However, when b further increases, the slip length will drop by a much smaller rate, eventually approaching a constant value as b ӷ 1. For comparison, we show in Fig. 3 by a dotted line the slip length, calculated using the model of Wang ͓2͔, for flow through a tube with annular fins, where the tube wall is no-slip. In this case, the slip length increases monotonically with the fin depth b. It turns out that the asymptotic slip length for large b, practically attained when b Ͼ 0.5, is the same whether the wall is no-shear or no-slip. This suggests that for any a in general, the wall boundary condition will become immaterial when the fluid penetration depth is larger than a quarter of the width of a groove b Ͼ 0.5a. This point will be further discussed below for the limit a =1. Fig. 4͑a͒ the axial distributions of the section-mean pressure defined below for various a and b,
Pressure Distributions. We show in
Here, z = 0 is the center of region I, while z = 1 is the center of region II. First, note that the pressure is an odd function of z, and therefore the pressure on −1 Ͻ z Ͻ 0 can be constructed according to p͑−z͒ =−p͑z͒. Further, note that by Eq. ͑6͒, the section-mean pressure in region I is identically zero as a result of the fact that the flow is unsheared on the boundary there. On the interface between regions I and II ͑z = a͒, there is an abrupt drop in the mean pressure owing to the sudden contraction of the flow section when b Ͼ 0. This abrupt pressure drop is larger in magnitude for larger a or larger b ͑until b Ͼ 0.5a͒. In region II, where the flow is sheared on the boundary, the section-mean pressure decreases almost linearly with the axial distance. The pressure in this region is a sum of the Poiseuille pressure and the pressure arising from the two-dimensional end effects.
Shown in Figs. 4͑b͒ and 4͑c͒ are the corresponding distributions of the pressure along the centerline of the tube p c = p͑r =0͒, which can better represent the pressure responsible for driving the flow through regions I and II. It is clear from these distributions that for sufficiently large a ͑say, a Ͼ 0.5͒, the centerline pressure is nonlinearly distributed in region I but fairly linear in region II. In region I, the pressure drop is relatively small near the center, where the flow resistance is small. Much of the pressure drop occurs as the fluid enters and then flows through region II ͑or the constricted part of the tube͒. In region II, like the section-mean pressure, the centerline pressure decreases almost linearly with the axial distance. A linear pressure distribution implies the dominance of the Poiseuille pressure on driving the flow, which happens especially near the center of region II. For small a Յ 0.3 and b Ͼ 0, the centerline pressure gradient is practically constant throughout regions I and II.
Flow Through Annular Fins.
Let us further look into the limiting case of fins a = 1, which can give rise to the maximum possible slip for a given set of other parameters. When the ribs become fins, the no-shear interface at r = R 1 becomes the effective wall of the tube and the core radius r = R becomes the radius of an orifice. Hence, in what follows, we shall call the no-shear interface in the grooves the no-shear wall of a finned tube and R / R 1 the orifice ratio.
For two aspect ratios R 1 =1,2, where R / R 1 = 0.5, the streamlines and pressure contours are shown in Figs. 5͑a͒ and 5͑b͒ . In the first case ͑Fig. 5͑a͒͒, where the fins are shallower in a finer tube, the flow and pressure are fairly uniform in the middle of the space between two fins approximating to a plug flow. The pressure gradient becomes locally sharp as the flow crosses a finned section, where the flow is fully attached to the boundary without separation. For this aspect ratio R 1 = 1, neighboring fins are sufficiently far apart from each other so that individual fins can be regarded as a single fin ͓2͔. Jeong and Choi ͓7͔ studied flow through a single orifice in a tube with a no-slip wall. By comparing Fig. 5͑a͒ with Fig. 2 of Jeong and Choi ͓7͔, we can confirm that the wall boundary condition at r = R 1 is indeed influential on the flow pattern in this case; an eddy recirculation zone arises on the side of a fin when the wall is no-slip but not when the wall is free-slip. In the second case ͑Fig. 5͑b͒͒, where the fins are deeper in a larger-diameter tube, the flow is separated into a main stream flow and an outer recirculation zone at the base of the fins. The recirculation arises apparently because of a strong adverse pressure gradient being developed from the base to the tip of a fin. On the other hand, the pressure gradient is milder compared with the first case when the flow crosses a fin. For this aspect ratio R 1 =2, neighboring fins are closely spaced to interact with each other. By comparing Figs. 2 and 5͑b͒ of Wang ͓2͔, we may infer that the boundary condition at r = R 1 , whether no-shear or no-slip is not important in this case.
We next examine how the wall condition may affect the resistance of a finned tube. We introduce, following Wang ͓2͔, a resistance ratio equal to the ratio of pressure drop per period in a finned tube to that in a smooth tube of the same radius ͑R 1 ͒ for the same discharge. In terms of the present parameters, the resistance ratio can be expressed as
We plot in Fig. 6 the resistance ratio 1/4 as a function of the geometrical parameters R 1 −1 and R / R 1 for a comparison between results for no-shear ͑solid lines͒ and no-slip ͑dashed lines͒ wall conditions. Here, R 1 −1 reflects the spatial separation of neighboring fins. When R 1 −1 → 0, the fins are closely packed together. In this limit, the effective slip length ␦ vanishes and hence → ͑R 1 / R͒ 4 . For sufficiently small R 1 −1 , the resistance is not affected by the wall condition. This happens when the fins are relatively deep and the main stream flow is shielded from the wall by recirculations. When R 1 −1 is larger than a certain value depending on the orifice ratio R / R 1 , the fins become so far apart that the shielding recirculations diminish, and the pressure drop between two adjacent fins is then subject to the wall shear condition. The flow approximates to a plug flow when the wall is no-shear or a Poiseuille flow when the wall is no-slip. The resistance is obviously smaller in the former than in the latter. Referring to Fig. 6 , we can interpret that the point at which a no-shear curve starts to branch out from the no-slip curve is the point beyond which the interaction between neighboring fins gets increasingly small. This branching-out point increases from R 1 −1 = 0.2 to R 1 −1 = 1.5 when the orifice ratio R / R 1 decreases from 0.9 to 0.25. These values suggest that, conversely speaking, the fins can be considered deep ͑or closely spaced͒ enough to render the wall shear unimportant to the resistance when
which is consistent with our earlier observation that the wall boundary condition will become immaterial when b Ͼ 0.5a. For fins that are sparsely spaced, the total pressure drop per period can be taken as the sum of the Poiseuille pressure drop and the added pressure drop ⌬p due to a single fin. For creeping flow through an orifice of radius R on an infinite plate of zero thickness, the pressure drop through the hole is given by Sampson's ͓8͔ formula,
where Q is the volumetric flow-rate. 
Let us examine how the wall shear condition may affect the pressure drop due to a single fin in a tube. The results for a no-shear wall of radius R 1 = 0.3 ͑corresponding to distantly spaced fins͒, together with those by Wang ͓2͔ and formula ͑52͒ by Sisavath et al. ͓10͔, are plotted in Fig. 7 . In a tube of no-shear wall, the pressure drop due to a single fin turns out to be well predicted by Sampson's formula even when the orifice ratio is as large as 0.5. Also, the pressure drop induced by an orifice is in general much larger in a tube with no-shear wall than that in a tube with no-slip wall of the same configuration. It is again due to the fact that the Poiseuille pressure is absent when the tube wall is free-slip, and therefore the pressure drop is entirely caused by the constriction. Illustrated in the inset of Fig. 7 are the centerline pressure distributions for a particular value of the orifice ratio. It is obvious that the pressure drop is much localized in the neighborhood of the fin when the wall is free-slip, but the pressure is more linearly distributed when the wall is no-slip. Subtracting the Poiseuille pressure from the latter will then give a much smaller pressure drop due to a single fin.
Concluding Remarks
A semi-analytical method has been developed for the problem of Stokes flow through a tube with annular grooves, where the fluid may penetrate and is subject to a no-shear boundary condition. The method enables one to evaluate the flow and pressure fields in one period of the wall pattern and the macroscopic quantities such as the effective slip length and resistance of the tube.
The effective slip length will increase with the radius of the tube ͑until saturation occurs when the radius is larger than the groove width͒ and with the no-shear area fraction of the wall, but it will decrease with increasing depth of fluid penetration into the grooves ͑until saturation occurs when the penetration depth is larger than a quarter of the groove width͒.
We have particularly looked into the limiting case of fins for it will give rise to the maximum possible wall slippage for a given tube radius and pattern length. Our results have suggested that Eq. ͑50͒ can be used to estimate whether the fins are closely packed enough to render the wall boundary condition to be unimportant to the effective slip length or resistance of the tube. This happens when the main stream flow is shielded from the wall by eddies as a result of a strong adverse pressure gradient being developed at the base of the fins. In this case, the pressure is quite linearly distributed along the tube. When Eq. ͑50͒ is increasingly violated, the fins will be sparsely spaced enough for the flow to be much affected by the wall boundary condition. Figure 7 has helped us understand that the pressure distribution is more localized toward the constriction, hence a greater pressure drop for flow through a fin on a no-shear wall than that on a no-slip wall.
It is worth examining the same problem but for the configuration of longitudinal grooves. Some of the dependence of the effective slip length on the geometrical parameters may be qualitatively different as the groove orientation changes. 
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